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FACTORIZATION FORMULAS AND COMPUTATIONS OF HIGHER-ORDER
ALEXANDER INVARIANTS FOR HOMOLOGICALLY FIBERED KNOTS
HIROSHI GODA AND TAKUYA SAKASAI
ABSTRACT. Homologically fibered knots are knots whose exteriors satisfy the same ho-
mological conditions as fibered knots. In our previous paper, we observed that for such a
knot, higher-order Alexander invariants defined by Cochran, Harvey and Friedl are gener-
ally factorized into the part of the Magnus matrix and that of a certain Reidemeister torsion,
both of which are known as invariants of homology cylinders over a surface. In this paper,
we study more details of the invariants and give their concrete calculations after restrict-
ing to the case of the invariants associated with metabelian quotients of knot groups. We
provide explicit computational results of the invariants for all the 12 crossings non-fibered
homologically fibered knots.
1. INTRODUCTION
Let K be a knot in a 3-sphere S3. In our previous paper [14], we introduced a class of
knots called (rationally) homologically fibered knots and studied their fundamental prop-
erties by using their Alexander invariants. A (rationally) homologically fibered knot K is
by definition a knot satisfying the property that the sutured manifold MR obtained from
the exterior E(K) of K by cutting along a minimal genus Seifert surface R is a (rational)
homology product whose boundary is the union of two copies of R.
For a rationally homologically fibered knot K with a minimal genus Seifert surface R
of genus g, let i+, i− : R → ∂MR denote the natural identifications of R with the two
sides of the boundary of MR. We fix a basis of H1(R;Q) giving rise to an isomorphism
H1(R;Q) ∼= Q
2g
. Then, by using the invertibility (over Q) of the Seifert matrix S, we can
rewrite the definition ∆K(t) = det(S− tST ) of the Alexander polynomial of K and obtain
a factorization
(1.1) ∆K(t) = det(S) det(I2g − t σ(MR))
of ∆K(t). Here σ(MR) := S−1ST coincides with the representation matrix of the compos-
ite of isomorphisms
Q2g ∼= H1(R;Q)
∼=
−→
i−
H1(MR;Q)
∼=
−−→
i−1
+
H1(R;Q) ∼= Q
2g.
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The matrix σ(MR) can be interpreted as a monodromy of MR from a view point of the
rational homology. Regarding the formula (1.1) as a basic case, in [14] we gave its gen-
eralization under the framework of higher-order Alexander invariants due to Cochran [4],
Harvey [18] and Friedl [8]. In this procedure, the Seifert matrix S, the monodromy σ(MR)
and ∆K(t) are generalized to a certain Reidemeister torsion τ+ρ (MR), the Magnus matrix
rρ(MR) and a higher-order (non-commutative) Alexander invariant τρ(E(K)) associated
with a representation ρ of the fundamental group of MR. Then the generalized formula is
given by
(1.2) τρ(E(K)) =
τ+ρ (MR) · (I2g − ρ(µ)rρ(MR))
1− ρ(µ)
,
where µ ∈ π1(E(K)) represents the meridian of K. To compare (1.2) with (1.1), re-
call Milnor’s formula [26] that ∆K(t)
1− t
represents a Reidemeister torsion associated with
the abelianization homomorphism ρ1 : π1(E(K)) → 〈t〉. For details of the formula, see
Theorem 3.8.
The purpose of this paper is to investigate the factorization formula (1.2) with explicit
computational examples. In the theory of higher-order Alexander invariants, an important
problem has been to find methods for computing the invariants and extract topological in-
formation from them. This problem arises from the difficulty in non-commutative rings in-
volved in the definition. We now intend to understand the higher-order invariant τρ(E(K))
by looking at each of the constituents of the formula (1.2). More specifically, in the latter
half of this paper, we focus on the invariants associated with metabelian quotients of knot
groups of homologically fibered knots. In this situation, although τρ(E(K)) itself belongs
to a non-commutative ring setting, both of τ+ρ (MR) and rρ(MR) can be computed in a realm
of commutative rings. A sample calculation with details is given in Section 4 and more ex-
amples are exhibited in Section 5, where we use τ+ρ (MR) to detect the non-fiberedness of all
the 12 crossings non-fibered homologically fibered knots. We remark that in the situation
of Sections 4 and 5, the torsion τ+ρ (MR) may be regarded as a special case of a decate-
gorification of the sutured Floer homology as shown by Friedl-Juha´sz-Rasmussen [9]. In
Section 6, we study the Magnus matrix rρ(MR) and see that rρ(MR) is unchanged under
concordances of Seifert surfaces introduced by Myers [27]. Using his result, we mention
how to obtain more examples of explicit computations.
The authors would like to thank Professor Ko Honda for helpful discussions and Pro-
fessor Robert Myers for informing the authors about his paper [27]. They also thank the
anonymous referee for his-or-her helpful comments to improve the previous version of this
paper.
2. HOMOLOGICALLY FIBERED KNOTS AND HOMOLOGY CYLINDERS
First, we recall the definition of sutured manifolds given by Gabai [11]. We here use a
special case of them.
A sutured manifold (M, γ) is a compact oriented 3-manifold M together with a subset
γ ⊂ ∂M which is a union of finitely many mutually disjoint annuli. For each component of
γ, an oriented core circle called a suture is fixed, and we denote the set of sutures by s(γ).
Every component of R(γ) = ∂M − Int γ is oriented so that the orientations on R(γ) are
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coherent with respect to s(γ), that is, the orientation of each component of ∂R(γ) induced
from that of R(γ) is parallel to the orientation of the corresponding component of s(γ).
We denote by R+(γ) (resp. R−(γ)) the union of those components of R(γ) whose normal
vectors point out of (resp. into) M .
Example 2.1. For a knot K in S3 and a Seifert surface R¯ of K, we set R := R¯ ∩ E(K),
called also a Seifert surface, where E(K) = S3 −N(K) is the complement of a regular
neighborhood N(K) of K. Then (MR, γ) := (E(K)−N(R), ∂E(K)−N(∂R)) defines
a sutured manifold. We call it the complementary sutured manifold for R. In this paper, we
simply call it the sutured manifold for R.
Definition 2.2 ([14]). A knot K in S3 is called a rationally homologically fibered knot of
genus g if it has the following properties which are equivalent to each other:
(a) The degree of the Alexander polynomial ∆K(t) of K is equal to twice the genus
g = g(K) of K;
(b) For any minimal genus Seifert surface R of K, its Seifert matrix S is invertible over
Q; and
(c) The sutured manifold (MR, γ) for any minimal genus Seifert surface R is a rational
homology product over R.
Moreover, when ∆K(t) is monic (correspondingly, S is invertible over Z and MR is a
homology product), we say K is a homologically fibered knot.
Remark 2.3. Aside from the name, the equivalence of the conditions (a), (b), (c) in Defini-
tion 2.2 was mentioned in Crowell-Trotter [6].
Next we recall the definition of homology cylinders, which can be regarded as a gen-
eralization of mapping classes of surfaces. We refer to Goussarov [16], Habiro [17],
Garoufalidis-Levine [12] and Levine [24] for their origin. Strictly speaking, the defini-
tion below is closer to that in [12] and [24]. Let Σg,1 be a compact connected oriented
surface of genus g ≥ 0 with a connected boundary. We fix a cell decomposition of Σg,1
consisting of one vertex p, edges γ1, γ2, . . . , γ2g, ζ and one face as in Figure 1.
FIGURE 1. Cell decomposition of Σg,1
Definition 2.4. A homology cylinder (M, i+, i−) over Σg,1 consists of a compact oriented
3-manifold M with two embeddings i+, i− : Σg,1 →֒ ∂M , called markings, such that:
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(i) i+ is orientation-preserving and i− is orientation-reversing;
(ii) ∂M = i+(Σg,1) ∪ i−(Σg,1) and i+(Σg,1) ∩ i−(Σg,1) = i+(∂Σg,1) = i−(∂Σg,1);
(iii) i+|∂Σg,1 = i−|∂Σg,1; and
(iv) i+, i− : H∗(Σg,1;Z) → H∗(M ;Z) are isomorphisms.
Similarly, the definition of a rational homology cylinder is obtained by replacing (iv) with
the condition that (iv’) i+, i− : H∗(Σg,1;Q) → H∗(M ;Q) are isomorphisms.
Two homology cylinders (M, i+, i−) and (N, j+, j−) over Σg,1 are said to be isomorphic
if there exists an orientation-preserving diffeomorphism f : M
∼=
−→ N satisfying j+ = f ◦ i+
and j− = f ◦i−. We denote by Cg,1 the set of all isomorphism classes of homology cylinders
over Σg,1. By using markings, we can endow Cg,1 with a monoid structure whose product is
given by
(M, i+, i−) · (N, j+, j−) := (M ∪i−◦(j+)−1 N, i+, j−)
for (M, i+, i−), (N, j+, j−) ∈ Cg,1. The unit of this monoid is given by
(M, i+, i−) = (Σg,1 × [0, 1], id× 1, id× 0),
where collars of i+(Σg,1) and i−(Σg,1) are stretched half-way along (∂Σg,1) × [0, 1]. The
monoid CQg,1 of all isomorphism classes of rational homology cylinders over Σg,1 is defined
similarly. For each diffeomorphismϕ of Σg,1 which fixes ∂Σg,1 pointwise, we can construct
a homology cylinder as a mapping cylinder
(Σg,1 × [0, 1], id× 1, ϕ× 0)
of ϕ.
Constructing a homology cylinder from a given homologically fibered knot has an ambi-
guity arising from taking a minimal genus Seifert surface and fixing a pair of markings.
Proposition 2.5. Let R1 and R2 be (maybe parallel) minimal genus Seifert surfaces of a
homologically fibered knot of genus g and let MR1 and MR2 be their sutured manifolds.
For any markings i± and j± of ∂MR1 and ∂MR2 , there exists another homology cylinder
N ∈ Cg,1 such that
(MR1 , i+, i−) ·N = N · (MR2 , j+, j−)
holds as elements of Cg,1.
Proof. First we assume that R1 and R2 are disjoint in E(K). Cut E(K) along R1 and R2.
Then we obtain two submanifoldsN and N ′ of E(K), where N (resp. N ′) may be regarded
as a surface cobordism between i+(Σg,1) and j−(Σg,1) (resp. j+(Σg,1) and i−(Σg,1)). We
can easily check that (N, i+, j−) and (N ′, j+, i−) are homology cylinders over Σg,1. Then
the equality MR1 ∪R1 N = N ∪R2 MR2 holds and it shows our claim in this case.
For the general case, we can use a theorem of Scharlemann-Thompson [30] . It says that
there exists a sequence of minimal genus Seifert surfaces R1 = S1 → S2 → · · · → Sn =
R2 such that Si and Si+1 are disjoint in E(K) for i = 1, 2, . . . , n − 1. Using the above
argument repeatedly, we have the conclusion. 
This proposition can be seen as a generalization of the fact that a fibered knot determines
an element of the mapping class group of a surface uniquely up to conjugation.
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Remark 2.6. Differently from fibered knots, a homologically fibered knot does not neces-
sarily have a unique minimal genus Seifert surface. Indeed, it was shown by Eisner [7]
that the connected sum of two non-fibered knots has infinitely many non-isotopic minimal
genus Seifert surfaces. Hence the connected sum of two non-fibered homologically fibered
knots, which is again a homologically fibered knot, gives such an example. The authors
do not know whether there exists a homologically fibered knot which has minimal genus
Seifert surfaces whose complements are not homeomorphic.
3. HIGHER-ORDER ALEXANDER INVARIANTS
From the factorization (1.1), we see that if a rationally homologically fibered knot has
a non-trivial det(S)-part, that is | det(S)| 6= 1, then this knot is not fibered. However, this
argument is useless for homologically fibered knots, since | det(S)| = 1. In this section,
we give a generalization of the factorization (1.1) by using the framework of higher-order
Alexander invariants originally due to Cochran [4] and Harvey [18] together with their
interpretations as Reidemeister torsions given by Friedl [8]. We will see later that this
generalized factorization works well for homologically fibered knots.
We begin by summarizing our notation. For a matrix A with entries in a group ring ZG
(or its quotient field) for a group G, we denote by A the matrix obtained from A by applying
the involution induced from (x 7→ x−1, x ∈ G) to each entry. For a module M , we write
Mn for the module of column vectors with n entries. For a finite cell complexX , we denote
by X˜ its universal covering. We take a base point p of X and a lift p˜ of p as a base point
of X˜ . π := π1(X, p) acts on X˜ from the right through its deck transformation group, so
that the lift of a loop l ∈ π starting from p˜ reaches p˜ l−1. Then the cellular chain complex
C∗(X˜) of X˜ becomes a right Zπ-module. For each left Zπ-algebra R, the twisted chain
complex C∗(X ;R) is given by the tensor product of the right Zπ-module C∗(X˜) and the
left Zπ-module R, so that C∗(X ;R) and H∗(X ;R) are right R-modules.
In the definition of higher-order Alexander invariants, PTFA groups play important roles,
where a group Γ is said to be poly-torsion-free abelian (PTFA) if it has a sequence
Γ = Γ0 ⊲ Γ1 ⊲ · · · ⊲ Γn = {1}
whose successive quotients Γi/Γi+1 (i ≥ 0) are all torsion-free abelian. An advantage of
using PTFA groups is that the group ring ZΓ (or QΓ) of Γ is known to be an Ore domain
so that it can be embed into the field (skew field in general)
KΓ := ZΓ(ZΓ− {0})
−1 = QΓ(QΓ− {0})−1
called the right field of fractions. We refer to [4] and [28] for generalities of PTFA groups
and localizations of their group rings. A typical example of PTFA groups is Zn, where KZn
is isomorphic to the field of rational functions with n variables.
For a rationally homologically fibered knot K, we take a non-trivial homomorphism
ρ : G(K) → Γ to a PTFA group Γ, where G(K) denotes the knot group π1(E(K)). We can
regard KΓ as a local coefficient system on E(K) through ρ. Using arguments in Cochran-
Orr-Teichner [5, Section 2] and Cochran [4, Section 3], we have:
Lemma 3.1. For any non-trivial homomorphism ρ : G(K) → Γ to a PTFA group Γ, we
have H∗(E(K);KΓ) = 0.
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By this lemma, we can define the Reidemeister torsion
τρ(E(K)) := τ(C∗(E(K);KΓ)) ∈ K1(KΓ)/± ρ(G(K))
for the acyclic complex C∗(E(K);KΓ). We refer to Milnor [26] for generalities of torsions.
By higher-order Alexander invariants for K, we here mean this torsion τρ(E(K)).
We now describe a factorization of τρ(E(K)) generalizing (1.1). For that we use two
kinds of invariants for rational homology cylinders from [29] and [14]. Let (MR, i+, i−) ∈
CQg,1 be the rational homology cylinder obtained as the sutured manifold for a minimal genus
Seifert surface R of K. We use the same notation ρ : π1(MR) → Γ for the composition
π1(MR) → G(K)
ρ
−→ Γ. By applying Cochran-Orr-Teichner [5, Proposition 2.10], we have:
Lemma 3.2. i+, i− : H∗(Σg,1, p; i∗±KΓ) → H∗(MR, p;KΓ) are isomorphisms as right KΓ-
vector spaces. Equivalently, H∗(MR, i±(Σg,1);KΓ) = 0.
This lemma provides the following two kinds of invariants for MR.
The Magnus matrix Let X ⊂ Σg,1 be the union of 2g loops γ1, . . . , γ2g (see Figure 1). X
is a deformation retract of Σg,1 relative to p. Therefore, for ± ∈ {+,−}, we have
H1(Σg,1, p; i
∗
±KΓ)
∼= H1(X, p; i
∗
±KΓ) = C1(X˜)⊗pi1(Σg,1) i
∗
±KΓ
∼= K
2g
Γ
with a basis
{γ˜1 ⊗ 1, . . . , γ˜2g ⊗ 1} ⊂ C1(X˜)⊗pi1(Σg,1) i
∗
±KΓ
as a right KΓ-vector space. Here we fix a lift p˜ of p as a base point of X˜, and denote by γ˜i
the lift of the oriented loop γi starting from p˜.
Definition 3.3. For MR = (MR, i+, i−) ∈ CQg,1, the Magnus matrix
rρ(MR) ∈ GL(2g,KΓ)
of MR is defined as the representation matrix of the right KΓ-isomorphism
K2gΓ
∼= H1(Σg,1, p; i
∗
−KΓ)
∼=
−→
i−
H1(MR, p;KΓ)
∼=
−−→
i−1
+
H1(Σg,1, p; i
∗
+KΓ)
∼= K
2g
Γ ,
where the first and the last isomorphisms use the bases mentioned above.
The matrix rρ(MR) can be interpreted as a monodromy of MR from a view point of the
twisted homology with coefficients in KΓ.
Γ-torsion Since the relative complexC∗(MR, i+(Σg,1);KΓ) obtained from any cell decom-
position of (MR, i+(Σg,1)) is acyclic by Lemma 3.2, we can define the following:
Definition 3.4. For MR = (MR, i+, i−) ∈ CQg,1, the Γ-torsion τ+ρ (MR) of MR is defined by
τ+ρ (MR) := τ(C∗(MR, i+(Σg,1);KΓ)) ∈ K1(KΓ)/± ρ(π1(MR)).
A method for computing rρ(MR) and τ+ρ (MR) is given in [14, Section 4], which is based
on Kirk-Livingston-Wang’s method [22] for invariants of string links, and we now recall it
briefly. An admissible presentation of π1(MR) is defined to be the one of the form
〈i−(γ1), . . . , i−(γ2g), z1, . . . , zl, i+(γ1), . . . , i+(γ2g) | r1, . . . , r2g+l〉(3.1)
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for some integer l. That is, it is a finite presentation with deficiency 2g whose generat-
ing set contains i−(γ1), . . . , i−(γ2g), i+(γ1), . . . , i+(γ2g) and is ordered as above. Such a
presentation always exists (see [14, Section 4]). For any admissible presentation, define
2g × (2g + l), l × (2g + l) and 2g × (2g + l) matrices A,B,C over ZΓ by
A =
ρ(
∂rj
∂i−(γi)
)
1≤i≤2g
1≤j≤2g+l
, B =
ρ(
∂rj
∂zi
)
1≤i≤l
1≤j≤2g+l
, C =
ρ(
∂rj
∂i+(γi)
)
1≤i≤2g
1≤j≤2g+l
.
Proposition 3.5 ([14, Proposition 4.1]). As matrices with entries in KΓ, we have:
(1) The square matrix
(
A
B
)
is invertible and τ+ρ (MR) =
(
A
B
)
; and
(2) rρ(MR) = −C
(
A
B
)−1(
I2g
0(l,2g)
)
.
Remark 3.6. We see from Strebel [31] that for a PTFA group Γ, every matrix with entries in
ZΓ sent to an invertible matrix over Q by the augmentation map ZΓ → Z is invertible over
KΓ. The first assertion of (1) follows from this fact. Indeed,
(
A
B
)
is sent to a representation
matrix of H1(MR;Q)/i+(H1(Σg,1;Q)) = 0 by the augmentation map, which is invertible
over Q.
Remark 3.7. If K is fibered, the complementary sutured manifold for the unique minimal
genus Seifert surface is a product sutured manifold, so that Γ-torsion is trivial for any Γ.
Therefore we can use Γ-torsion as fibering obstructions of homologically fibered knots.
Note that we can also use the Magnus matrix (see [14, Theorem 4.1] and Section 6).
By using the above invariants, the factorization formula for τρ(E(K)) is given as follows,
where the statement is simpler than that in [14] because we are now considering the knot
cases only.
Theorem 3.8. Let K be a rationally homologically fibered knot of genus g and let R be a
minimal genus Seifert surface of K. For any non-trivial homomorphism ρ : G(K) → Γ to
a PTFA group Γ, a loop µ representing the meridian of K satisfies ρ(µ) 6= 1 ∈ Γ ⊂ KΓ and
we have a factorization
(3.2) τρ(E(K)) =
τ+ρ (MR) · (I2g − ρ(µ)rρ(MR))
1− ρ(µ)
∈ K1(KΓ)/± ρ(G(K))
of the torsion τρ(E(K)).
Proof. First, by passing to the image if necessary, we may suppose that ρ is onto. This is
justified by the facts that any subgroup Γ′ of a PTFA group Γ is again PTFA and that the
torsion is invariant under the field extension KΓ′ →֒ KΓ.
By the definition of PTFA groups, we see that there exists a surjective homomorphism
Γ → Z. Then the composite G(K) ρ−→ Γ → Z is also surjective and it coincides with the
abelianization map of G(K) up to sign. Hence ρ(µ) 6= 1 ∈ Γ.
The rest of the proof is almost identical to the argument in [14, Section 5] (see also the
argument of Friedl [8, Section 6]). For convenience, we repeat it here in a simplified form.
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Given an admissible presentation of π1(MR) as in (3.1), we denote it briefly by
π1(MR) ∼= 〈i−(
−→γ ),−→z , i+(
−→γ ) | −→r 〉.
A usual computation gives
G(K) ∼= 〈i−(
−→γ ),−→z , i+(
−→γ ), µ | −→r , i−(
−→γ )µ i+(
−→γ )−1µ−1〉.
From this presentation, we construct a 2-complex X(K) consisting of one 0-cell, one 1-
cell for each generator and one 2-cell for each relation with an attaching map according to
the word. We can check that E(K) and X(K) are simple homotopy equivalent (see [14,
Lemma 5.1]).
The KΓ-rank of Ci(X(K);KΓ) and the Z-rank Ci(X(K)) are the same and their degree
0, 1, 2 parts are given by 1, 4g + l + 1, 4g + l. The map ∂2 : C2(X(K);KΓ) ∼= K4g+lΓ →
C1(X(K);KΓ) ∼= K
4g+l+1
Γ is represented by the matrix
D2 :=


A I2g
B 0(l,2g)
C −ρ(µ)−1I2g
0(1,2g+l) ∗ ∗ · · · ∗

 .
Consider the matrix Dµ2 obtained from D2 by deleting the last row. By fundamental trans-
formations of matrices, we have
Dµ2 =

A I2gB 0(l,2g)
C −ρ(µ)−1I2g

→

A + ρ(µ)C 02gB 0(l,2g)
C −ρ(µ)−1I2g


→

A+ ρ(µ)C 02gB 0(l,2g)
0(2g,2g+l) −ρ(µ)
−1I2g

 =: D
Here the above matrices are with entries in ZΓ and we apply the augmentation map ZΓ → Z
to D. Then we have a matrix representing ∂2 : C2(X(K)) → C1(X(K))/〈µ〉, which can
be easily seen to be invertible over Q. Hence D (and also Dµ2 ) is invertible over KΓ as
mentioned in Remark 3.6.
Now we compute τρ(E(K)) = τ(C∗(X(K);KΓ)). By the cell structure of X(K),
τρ(E(K)) = D
µ
2 · (1− ρ(µ)
−1)−1
holds. Then as elements in K1(KΓ)/± ρ(G(K)), we have
Dµ2 = D =
(
A+ ρ(µ)C
B
)
=
(
I2g − ρ(µ)rρ(MR) −ρ(µ)Z
0(l,2g) Il
)(
A
B
)
= (I2g − ρ(µ)rρ(MR))
(
A
B
)
,
where we used (
A + ρ(µ)C
B
)
=
(
A
B
)
− ρ(µ)
(
rρ(MR) Z
0(l,2g+l)
)(
A
B
)
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at the third equality and Z is defined by the formula (rρ(MR) Z) = −C
(
A
B
)−1
(see
Proposition 3.5 (2)). This completes the proof. 
When we take the abelianization map ρ1 : G(K) → 〈t〉 ⊂ Q(t) as ρ, the formula (1.1) is
recovered.
Remark 3.9. Factorizations of (higher-order) Alexander invariants into some torsions and
“monodromy” information appear in various contexts such as Morse-Novikov theory and
the theory of string links. For example, see Hutchings-Lee [19, 20], Goda-Matsuda-Pajitnov
[13], Kitayama [23] and Kirk-Livingston-Wang [22]. It would be interesting to compare
these factorization formulas in an appropriate situation.
4. A SAMPLE CALCULATION
Although all the ingredients in the formula (3.2) are determined by information on fun-
damental groups, it is difficult to compute them explicitly because of the non-commutativity
of KΓ except in some special cases including the following.
Let K be a homologically fibered knot with a minimal genus Seifert surface R and let
MR be the sutured manifold for R. Consider the group extension
(4.1) 1 −→ G(K)′/G(K)′′ −→ D2(K) −→ G(K)/G(K)′ = H1(E(K)) ∼= Z −→ 1
relating to the metabelian quotient D2(K) := G(K)/G(K)′′ of G(K). We have
G(K)′/G(K)′′ ∼= H1(R) ∼= H1(MR)
since it coincides with the first homology of the infinite cyclic covering of E(K), which
can be seen as the product (as homology cylinders) of infinitely many copies of MR. Let ρ2
be the natural projection
ρ2 : G(K) −→ D2(K).
It is known that D2(K) is PTFA (see Strebel [31]), so that KD2(K) is defined. Then, it fol-
lows from the Proposition 3.5 that τ+ρ2(MR) and rρ2(MR) can be computed by calculations
on the commutative subfield KH1(MR) of KD2(K), and therefore we can carry it out.
Let us see an example of calculations of our invariants. Let K be the knot obtained as
the boundary of the Seifert surface R illustrated in Figure 2. We can easily compute that
∆K(t) = 1−2t+3t
2−2t3+t4 and the genus of R is 2. Hence K is a homologically fibered
knot and R is of minimal genus. The graph G in right hand side of Figure 2 is obtained
from R by a deformation retract. Thus π1(MR) ∼= π1(S3 −
◦
N(G)). Then π1(MR) has a
presentation: 〈
z1, z2, . . . , z10
z1z5z
−1
6 , z2z3z4z1, z3z
−1
9 z
−1
5 , z7z4z
−1
8 ,
z8z10z6, z2z5z
−1
7 z
−1
5 , z9z4z
−1
10 z
−1
4
〉
.
We can drop the last relation z9z4z−110 z−14 because it is derived from the others.
We take a spine of R as in Figure 3, by which we can fix an identification of Σg,1 and R.
A direct computation shows that
i−(γ1) = z5z1, i−(γ2) = z
−1
2 , i−(γ3) = z5z
−1
7 z
−1
8 z
−1
4 , i−(γ4) = z
−1
4 ,
i+(γ1) = z5, i+(γ2) = z6z9, i+(γ3) = z6z
−1
5 z3z5z
−1
7 z
−1
4 z
−1
6 , i+(γ4) = z6z7z
−1
6 .
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FIGURE 2.
FIGURE 3.
Here the darker color in R is the +-side. Then, we obtain an admissible presentation of
π1(MR):
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z10, i+(γ1), . . . , i+(γ4)
Relations z1z5z−16 , z2z3z4z1, z3z
−1
9 z
−1
5 , z7z4z
−1
8 , z8z10z6, z2z5z
−1
7 z
−1
5 ,
i−(γ1)z
−1
1 z
−1
5 , i−(γ2)z2, i−(γ3)z4z8z7z
−1
5 , i−(γ4)z4,
i+(γ1)z
−1
5 , i+(γ2)z
−1
9 z
−1
6 , i+(γ3)z6z4z7z
−1
5 z
−1
3 z5z
−1
6 , i+(γ4)z6z
−1
7 z
−1
6
By sliding the edges v1 and v2 of G as in Figure 4, we obtain a graph whose comple-
ment is a genus 4 handlebody. This means that the complement of G (and hence MR) is
homeomorphic to a genus 4 handlebody.
FIGURE 4.
Let D1, . . . , D4 be the meridian disks of the handlebody as illustrated in the figure. Put
x1 := z
−1
1 , x2 = z
−1
6 , x3 := (z6z7)
−1 and x4 := z4, where xi is a loop intersecting Di
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transversely in one point from the above to the down side in Figure 4 and is disjoint from
Dj (i 6= j). By using them, we have the following simplified admissible presentation of
π1(MR):
Generators i−(γ1), . . . , i−(γ4), x1, x2, x3, x4, i+(γ1), . . . , i+(γ4)
Relations i−(γ1)x1x2x−11 , i−(γ2)x1x
−1
3 x2x
−1
1 , i−(γ3)x4x2x
−1
3 x4x2x
−1
3 x2x
−1
1 ,
i−(γ4)x4, i+(γ1)x2x
−1
1 , i+(γ2)x4x
−1
3 x2,
i+(γ3)x
−1
2 x4x2x
−1
3 x2x
−1
1 x4x
−1
3 x2, i+(γ4)x
−1
2 x3
We write r1, . . . , r8 for these relations in order. Recall that KH1(MR) is isomorphic to the
field of rational functions with variables x1, . . . , x4, where we use the same notation for the
image of xi by the abelianization map π1(MR) → H1(MR). Then we have
AB
C

 =

 I4 04G1 G2
04 I4

 ,
whereG1 =


g11 g12 g13 g14
g21 g22 g23 g24
g31 g32 g33 g34
g41 g42 g43 g44

 andG2 =


g15 g16 g17 g18
g25 g26 g27 g28
g35 g36 g37 g38
g45 g46 g47 g48

with gij = ρ
(
∂rj
∂xi
)
.
Thus
τ+ρ2(MR) =
(
A
B
)
=
(
I4 04
G1 G2
)
.
As a torsion, it is equivalent to G2, where
g15 = −1, g16 = 0, g18 = 0,
g25 = x
−1
1 x2, g26 = x2, g28 = −x3,
g35 = 0, g36 = −x2, g38 = x3,
g45 = 0, g46 = x2x
−1
3 x4, g48 = 0,
g17 = −x2x
−1
3 x4, g27 = x2 + x
−1
1 x
2
2x
−1
3 x4 + x
−1
1 x
3
2x
−2
3 x4 − x
−1
1 x
3
2x
−2
3 x
2
4,
g37 = −x2 − x
−1
1 x
2
2x
−1
3 x4, g47 = x2x
−1
3 x4 + x
−1
1 x
3
2x
−2
3 x
2
4.
Then we have
det(τ+ρ2(MR)) = det(G2) = −
x32x
2
4
x1x23
(x2 − x3 − x2x4).
The Magnus matrix rρ2(MR) can be computed by the formula in Proposition 3.5 (2). How-
ever we omit it here.
Remark 4.1. From an admissible presentation, we can use the Mathematica program given
in Section 7 for calculations of τ+ρ2(MR) and rρ2(MR). Note that the program uses {i+(γ1), i+(γ2), . . . , i+(γ2g)}
as a basis of H1(MR). In the above example,
x1 = γ
−2
2 γ3, x2 = γ
−1
1 γ
−2
2 γ3, x3 = γ
−1
1 γ
−2
2 γ3γ
−1
4 , x4 = γ
−1
2 γ
−1
4 ,
where γj denotes i+(γj), and we have det(τ+ρ2(MR)) =
γ3
γ21γ
5
2γ4
(1 + γ2 − γ2γ4).
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5. HOMOLOGICALLY FIBERED KNOTS WITH 12-CROSSINGS
It is known that all homologically fibered knots are fibered among prime knots with at
most 11-crossings. On the other hand, Friedl-Kim [10] showed that there are 13 non-fibered
homologically fibered knots with 12-crossings by using the twisted Alexander invariant.
See Figure 5 and Table 1. In this section, we list admissible presentations and the torsion τ+ρ2
for sutured manifolds associated with minimal genus Seifert surfaces illustrated in Figure
6, . . . , 17. As a by-product, we observe that τ+ρ2 can also detect the non-fiberedness of all
these knots. In the forthcoming paper [15], we will obtain the same result by using Johnson
homomorphisms as a fibering obstruction.
It is easy to see that the complements of the Seifert surfaces for knots 0210, 0214, 0382
and 0394 are handlebodies. (In [3], a non-alternating prime knot with 12-crossings is de-
noted by 12n−P . We refer only the number P in this section.) Hence, we take free gener-
ators corresponding to disks zi in each figure, which run from the upside to the downside
of the diagrams. As for the other knots, we have the admissible presentations by the same
method as in Section 4.
Knot Genus Alexander polynomial
0057 2 1− 2t+ 3t2 − 2t3 + t4
0210, 0214 3 1− t− t2 + 3t3 − t4 − t5 + t6
0258, 0464, 0483 2 1− 4t+ 5t2 − 4t3 + t4
0279, 0394 2 1− 6t + 11t2 − 6t3 + t4
0382, 0801 2 1− 5t+ 7t2 − 5t3 + t4
0535 2 1− 7t + 11t2 − 7t3 + t4
0650 2 1− 4t+ 7t2 − 4t4 + t4
0815 2 1− 2t+ t2 − 2t3 + t4
TABLE 1. Non-fibered homologically fibered knots with 12-crossings
The following are admissible presentations and the determinant of the torsion τ+ρ2(MR),
where we use {i+(γ1), i+(γ2), . . . , i+(γ2g)} as a basis of H1(MR) and denote i+(γj) by γj
for simplicity. Note that the example in Section 4 is about the knot 0057, and we omit it
here.
0210
Generators i−(γ1), . . . , i−(γ6), z1, . . . z6, i+(γ1), . . . , i+(γ6)
Relations i−(γ1)z−13 z4, i−(γ2)z−23 z2, i−(γ3)z−15 z−13 z2, i−(γ4)z−12 z1z−16 z5z−16 z5,
i−(γ5)z
−1
5 z6z
−1
5 z1z
−1
6 z5z
−1
6 z5, i−(γ6)z
−1
5 z6z
−1
5 z1z
−1
3 z5z
−1
6 z5,
i+(γ1)z4, i+(γ2)z4z
−1
3 z2z
−1
3 , i+(γ3)z
−1
6 z2z
−1
3 , i+(γ4)z5z
−1
2 z1z
−1
6 z5,
i+(γ5)z
−1
5 z6z
−1
2 z1z
−1
6 z5, i+(γ6)z
−1
5 z6z
−1
3 z5z
−1
6 z5
Torsion τ+ρ2 −
γ51γ
3
3γ
4
5γ
7
6
γ62γ
6
4
+
γ61γ
4
3γ
4
5γ
7
6
γ72γ
6
4
−
γ61γ
4
3γ
4
5γ
8
6
γ72γ
6
4
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FIGURE 5. 12-crossings non-fibered homologically fibered knots
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FIGURE 6. 0210
0214
Generators i−(γ1), . . . , i−(γ6), z1, . . . z6, i+(γ1), . . . , i+(γ6)
Relations i−(γ1)z2z−13 z−12 , i−(γ2)z2z−11 z2, i−(γ3)z−15 z−11 z2,
i−(γ4)z
−1
6 z1z
−1
3 z5, i−(γ5)z
−1
5 z4z
−1
3 z1z
−1
3 z5, i−(γ6)z
−1
5 z4,
i+(γ1)z
2
2z
−1
3 z
−1
2 , i+(γ2)z
2
2z
−1
6 , i+(γ3)z
−1
1 z2z
−1
6 ,
i+(γ4)z5z
−1
3 z1, i+(γ5)z
−1
3 z5z
−1
3 z1, i+(γ6)z
−1
3 z4
Torsion τ+ρ2
1
γ2γ
2
4γ6
−
γ1
γ2γ
2
4γ6
+
γ1
γ2γ4γ5γ6
FIGURE 7. 0214
0258
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z7, i+(γ1), . . . , i+(γ4)
Relations z1z2z3z4, z1z2z4z−16 z−17 , z7z6z5, i−(γ1)z7z6z−17 ,
i−(γ2)z7z6z
−1
5 z4z
−1
6 z
−1
7 , i−(γ3)z1z
2
2z
2
4z
−1
6 z
−1
7 , i−(γ4)z1z
2
2z
−2
1 ,
i+(γ1)z
−1
7 , i+(γ2)z6z4, i+(γ3)z2z
−1
1 z4, i+(γ4)z2z
−2
1
Torsion τ+ρ2 −
γ52γ
7
4
γ61γ
12
3
+
γ62γ
8
4
γ71γ
13
3
−
γ62γ
9
4
γ71γ
14
3
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FIGURE 8. 0258
0279
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z9, i+(γ1), . . . , i+(γ4)
Relations z1z2z4, z1z−13 z2z−19 , z5z−18 z−16 , z6z7z8z9, z−12 z3z2z−15 ,
i−(γ1)z5z8z2z
−1
9 z
−1
5 , i−(γ2)z5z
−1
6 z
−1
5 , i−(γ3)z
−1
9 z
−1
6 z
−1
5 , i−(γ4)z
−1
2 z3z1z
2
2 ,
i+(γ1)z5z2z
−1
9 z
−1
5 , i+(γ2)z5z9z
−1
6 , i+(γ3)z
−1
2 z
−1
6 , i+(γ4)z
−1
2 z1z
2
2
Torsion τ+ρ2 −
γ23γ
5
4
γ52
+
γ23γ
5
4
γ1γ52
+
γ23γ
6
4
γ52
FIGURE 9. 0279
0382
Generators i−(γ1), . . . , i−(γ4), z1, . . . z4, i+(γ1), . . . , i+(γ4)
Relations i−(γ1)z2z−11 z3z−12 , i−(γ2)z2z−13 z2z−21 z4z−12 , i−(γ3)z−14 z−11 z4z−12 ,
i−(γ4)z
2
2z
−1
1 z4,
i+(γ1)z3z
−1
2 , i+(γ2)z2z
−2
1 z4z
−1
1 , i+(γ3)z
−1
1 , i+(γ4)z4z2z
−1
1 z4
Torsion τ+ρ2
1
γ1γ2γ4
+
1
γ1γ23γ4
−
1
γ1γ3γ4
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FIGURE 10. 0382
0394
Generators i−(γ1), . . . , i−(γ4), z1, . . . z4, i+(γ1), . . . , i+(γ4)
Relations i−(γ1)z−11 z−12 z3, i−(γ2)z−13 z4z2z3z−12 z1, i−(γ3)z4z2z3z−12 z1, i−(γ4)z4,
i+(γ1)z
−1
2 z3, i+(γ2)z
−1
3 z1z
−1
3 z4z2z3z
−1
2 , i+(γ3)z2z3z
−1
2 , i+(γ4)z2z4
Torsion τ+ρ2
1
γ1γ2γ23γ4
+
1
γ21γ2γ3γ4
−
1
γ1γ2γ3γ4
FIGURE 11. 0394
0464
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z10, i+(γ1), . . . , i+(γ4)
Relations z1z2z6z7, z2z9z7, z3z4z5z−110 , z4z5z8, z1z2z−13 z−12 , z8z6z−18 z−19 ,
i−(γ1)z2z10z
−1
5 z
−1
9 z
−1
2 , i−(γ2)z2z10z
−1
5 z
−1
3 z
−1
2 , i−(γ3)z2z
−1
8 z
−1
2 , i−(γ4)z2z1,
i+(γ1)z2z
−1
9 z
−1
2 , i+(γ2)z2z
−1
5 z
−1
2 , i+(γ3)z
−1
1 z
−1
8 z
−1
9 z
−1
2 z1, i+(γ4)z
−1
1 z
−1
7 z1
Torsion τ+ρ2 −
γ31γ
3
4
γ3
− γ21γ
4
4 + γ
3
1γ
4
4
0483
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z9, i+(γ1), . . . , i+(γ4)
Relations z−18 z1z4z9z−14 , z5z6z−17 z−16 z8, z2z3z−12 z1, z−13 z2z3z−15 , z4z−19 z−14 z3,
i−(γ1)z1z
−1
2 z
−1
1 , i−(γ2)z1z
−1
4 z
−1
8 , i−(γ3)z
−1
6 , i−(γ4)z
−1
6 z3,
i+(γ1)z
−1
4 z
−1
2 , i+(γ2)z
−1
4 , i+(γ3)z5z
−1
6 z8, i+(γ4)z
−1
8 z3
Torsion τ+ρ2
1
γ1γ3γ24
−
γ2
γ21γ3γ
2
4
−
1
γ1γ3γ4
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FIGURE 12. 0464
FIGURE 13. 0483
0535
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z10, i+(γ1), . . . , i+(γ4)
Relations z1z2z3, z2z6z−17 , z−110 z4z5z−18 z7, z1z10z9, z2z3z−12 z−14 , z2z−16 z−12 z−15 ,
i−(γ1)z
−1
10 , i−(γ2)z
−1
10 z
−1
1 z
−1
3 z
−1
1 z10, i−(γ3)z
−1
7 z
−1
1 z10, i−(γ4)z6z
−1
3 z7,
i+(γ1)z
−1
7 z9, i+(γ2)z
−1
7 z
−1
1 z
−1
3 z10z7, i+(γ3)z
−1
7 z3z10z7, i+(γ4)z
−1
7 z6z
−1
3 z7
Torsion τ+ρ2 −
1
γ111 γ
6
2γ
6
3γ
15
4
+
1
γ101 γ
5
2γ
6
3γ
15
4
−
1
γ101 γ
5
2γ
6
3γ
14
4
FIGURE 14. 0535
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0650
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z11, i+(γ1), . . . , i+(γ4)
Relations z2z3z−11 z4z1, z2z6z−18 z−16 z−111 , z1z−15 z−11 z4, z3z6z−19 z−16 , z9z−18 z7z8,
z8z7z
−1
10 z
−1
7 , z10z
−1
6 z11z6,
i−(γ1)z2z
−1
6 z
−1
2 , i−(γ2)z2z7z
−1
6 z
−1
2 , i−(γ3)z6z8z
−1
6 z
−1
2 , i−(γ4)z2z3z
−1
1 ,
i+(γ1)z11z
−1
6 z
−1
2 , i+(γ2)z2z
−1
3 z
−1
2 , i+(γ3)z1z6z8z
−1
6 , i+(γ4)z
−1
1
Torsion τ+ρ2
1
γ1γ
3
2γ
2
3γ
2
4
−
1
γ1γ
3
2γ3γ4
+
1
γ1γ
2
2γ3γ4
FIGURE 15. 0650
0801
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z9, i+(γ1), . . . , i+(γ4)
Relations z−11 z6z7z−18 z−19 , z3z4z9z−16 , z2z4z5, z2z6z−17 z−16 , z2z−13 z−12 z1,
i−(γ1)z6z7z
−1
8 z6, i−(γ2)z1z2z8z
−1
7 z
−1
6 , i−(γ3)z9z
−1
6 z
−1
2 , i−(γ4)z
−1
5 z
−1
9 z
−1
5 ,
i+(γ1)z6z9, i+(γ2)z6z2z6z
−1
9 z
−1
6 , i+(γ3)z5z9z
−1
6 , i+(γ4)z4z
−1
9 z
−1
5
Torsion τ+ρ2 −γ
2
1γ
2
3γ4 + γ
2
1γ2γ
2
3γ4 − γ
2
1γ2γ
3
3γ
2
4
FIGURE 16. 0801
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0815
Generators i−(γ1), . . . , i−(γ4), z1, . . . , z11, i+(γ1), . . . , i+(γ4)
Relations z1z9z6, z1z−12 z−14 , z4z−111 z5, z−110 z−15 z6z7z8, z−18 z−16 z9z6,
z−17 z
−1
6 z3z6, z4z
−1
3 z
−1
4 z10,
i−(γ1)z4z
−1
3 z
−1
4 , i−(γ2)z4z11, i−(γ3)z9, i−(γ4)z
−1
2 z
−1
9 ,
i+(γ1)z
−1
2 z
−1
3 z
−1
4 , i+(γ2)z11z1, i+(γ3)z9z
−1
3 z1, i+(γ4)z9z
−1
2 z
−1
9
Torsion τ+ρ2 −
γ31γ
5
2
γ64
+
γ21γ
4
2
γ54
+
γ31γ
5
2
γ54
FIGURE 17. 0815
Remark 5.1. According to [1] and [21], these knots have unique minimal genus Seifert
surfaces.
6. MAGNUS MATRIX AND CONCORDANCES OF SEIFERT SURFACES
Not only the torsion τ+ρ but the Magnus matrix rρ can be used as a fibering obstruction
of homologically fibered knots. In fact, for a fibered knot K with its unique minimal genus
Seifert surface R of genus g, the sutured manifold MR is given by a mapping cylinder
(Σg,1 × [0, 1], id× 1, ϕ× 0) of ϕ, which is an element of the mapping class group of Σg,1
and is uniquely (not up to conjugation) determined after fixing an identification of R with
Σg,1. Then the Magnus matrix rρ(MR) associated with a homomorphism ρ : G(K) → Γ
is given by
ρ◦i+
(
∂ϕ(γj)
∂γi
)
1≤i,j≤2g
. In particular, all the entries are elements of ZΓ. There-
fore, for the detection of non-fiberedness of a non-fibered homologically fibered knot K,
it suffices to find a minimal genus Seifert surface R, an identification of R with Σg,1 and a
homomorphism ρ : G(K) → Γ to a PTFA group Γ whose Magnus matrix has an entry not
contained in ZΓ.
Example 6.1. If we continue the computation for the knot 0057 in Section 4, we can see
that the (1, 3)-entry of rρ2(MR) is
γ4
1 + γ2 − γ2γ4
, not an element of ZD2(K). This shows
that the knot 0057 is not fibered.
In the usage of rρ as a fibering obstruction, its invariance under homology cobordisms of
homology cylinders is convenient. We first recall the definition of homology cobordisms of
homology cylinders:
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Definition 6.2. Two homology cylindersM = (M, i+, i−), N = (N, j+, j−) ∈ Cg,1 are said
to be (rational) homology cobordant if there exists a smooth compact oriented 4-manifold
W such that:
(1) ∂W = M ∪ (−N)/(i+(x) = j+(x), i−(x) = j−(x)) x ∈ Σg,1; and
(2) the inclusionsM →֒ W ,N →֒ W induce isomorphisms on the (rational) homology,
where −N denotes N with opposite orientation.
Proposition 6.3. Suppose that M = (M, i+, i−), N = (N, j+, j−) ∈ CQg,1 are rational
homology cobordant by a rational homology cobordism W . Let ρ : π1(W ) → Γ be a
homomorphism to a PTFA group. Then the Magnus matrices rρ(M) and rρ(N) associated
with π1(M) → π1(W )
ρ
−→ Γ and π1(N) → π1(W )
ρ
−→ Γ are defined, and rρ(M) = rρ(N)
holds.
Proof. We can apply the argument of [29, Section 3.1] and we omit the details. 
To interpret the homology cobordant relation in terms of homologically fibered knots,
we introduce concordances of Seifert surfaces defined by Myers.
Definition 6.4 (Myers [27]). Seifert surfaces R, R′ of genus g for knots K, K ′ in S3 are
said to be concordant if there is a smooth embedding I : Σg,1 × [0, 1] → S3 × [0, 1] such
that I(Σg,1 × {0}) = R and I(Σg,1 × {1}) = R′.
Using this terminology, we have the following relationship between concordances of
Seifert surfaces for homologically fibered knots and homology cylinders.
Proposition 6.5. Let K be a (rationally) homologically fibered knot with a minimal genus
Seifert surface R of genus g. Suppose R is concordant to another Seifert surface R′ of
a knot K ′. Then K ′ is also a (rationally) homologically fibered knot of genus g with a
minimal genus Seifert surfaceR′ such thatMR andMR′ are (rational) homology cobordant
as (rational) homology cylinders.
Proof. Let W be a manifold obtained from S3 × [0, 1] by cutting along the image of
an embedding I : Σg,1 × [0, 1] → S3 × [0, 1] which connects R and R′. Then it is
straightforward to check our assertions by observing the Mayer-Vietoris exact sequence of
S3× [0, 1] = W ∪ I(Σg,1× [0, 1]) with the intersection homeomorphic to (∂MR)× [0, 1] =
(Σg,1 ∪ (−Σg,1))× [0, 1]. We omit the details. 
The following theorem enables us to produce infinitely many Seifert surfaces which are
concordant to a given one.
Theorem 6.6 (Myers [27]). If a Seifert surface R of a knot K is not a disk, then R is
concordant to R′ such that:
(1) K ′ = ∂R′ is hyperbolic; and
(2) S3 −K ′ has arbitrarily large hyperbolic volume.
For (M, i+, i−) ∈ Cg,1, consider a homomorphism
ρM : π1(M) → H1(M)
i−1
+
−−→ H1(Σg,1).
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We can easily check that if W is a homology cobordism between M and N in Cg,1, then
there exists an extension ρW : π1(W ) → H1(Σg,1) of ρM and ρN . Note that ρM can be
regarded as a restriction of ρ2 when M is obtained from a homologically fibered knot (recall
the exact sequence (4.1)). Consequently we can combine Theorem 6.6 with Proposition 6.3
as follows:
Theorem 6.7. Let K be a homologically fibered knot with a minimal genus Seifert surface
R. If K is shown to be non-fibered by using rρ2(MR)(= rρMR (MR)), then K ′ = ∂R′ is
also non-fibered for any Seifert surface R′ concordant to R. Moreover, there exist infinitely
many such K ′ = ∂R′.
We may takeK to be a homologically fibered knot in Section 4. Then Theorem 6.7 shows
that there does exist infinitely many homologically fibered knots whose non-fiberedness are
detected by the Magnus matrices.
Example 6.8. Let K be the knot as the boundary of the Seifert surface R illustrated in
Figure 18.
FIGURE 18. Concordant Seifert surfaces
R is concordant to the minimal genus Seifert surface R′ of the trefoil knot, which is
fibered. Proposition 6.5 shows that K is a homologically fibered knot and R is of minimal
genus. An admissible presentation of π1(MR) is given by
Generators i−(γ1), i−(γ2), z1, . . . , z9, i+(γ1), i+(γ2)
Relations z1z2z3, z1z9z8, z4z5z−14 z
−1
2 , z
−1
4 z5z
−1
3 z
−1
5 , z3z6z
−1
3 z4, z7z5z8z
−1
5 ,
z−17 z9z7z
−1
5 , i−(γ1)z1z7z
−1
4 z2z
−1
5 z3z
−1
8 z5, i−(γ2)z
−1
8 z7z
−1
4 z
−1
1 ,
i+(γ1)z7z
−1
4 z2z
−1
5 z3z
−1
8 z5, i+(γ2)z7z
−1
4 z
−1
1 .
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From this, we have
det(τ+ρ2(MR)) = 3−
1
γ1
− γ1 −
γ1
γ2
+
γ21
γ2
+
γ2
γ21
−
γ2
γ1
,
rρ2(MR) =
(
1 γ−12
−γ−11 γ2 1− γ
−1
1
)
.
On the other hand, an admissible presentation of π1(MR′) is given by
Generators i−(γ1), i−(γ2), z1, z2, z3, i+(γ1), i+(γ2)
Relations z1z2z3, i−(γ1)z−13 , i−(γ2)z
−1
3 z
−1
1 , i+(γ1)z2, i+(γ2)z
−1
1
and we have
det(τ+ρ2(MR)) =
1
γ2
,
rρ2(MR) =
(
1 γ−12
−γ−11 γ2 1− γ
−1
1
)
.
Remark 6.9. As seen in Example 6.8, Γ-torsion generally changes under homology cobor-
disms. However, Cha-Friedl-Kim [2] recently found a way to extract homology cobordant
invariants from the torsion τ+ρ2 by taking a certain quotient of the target. Then they applied
it to the homology cobordism group of homology cylinders and showed that this group has
Z∞2 as an abelian quotient. By Proposition 2.5, we may regard this abelian quotient as an
invariant of homologically fibered knots. In fact, it is unchanged under concordances of
Seifert surfaces.
7. MATHEMATICA PROGRAM
The following is a MATHEMATICA program which calculates the invariants discussed
in Sections 4, 5 and 6.
h1Class = {};
h1Monodromy = {};
torsionMatrix = {};
magnusMatrix = {};
invariants[g_, z_, RELATIONS_] :=
Module[{reindexedRel, h1Matrix, i, alex},
GENUS = g;
Ztotal = z;
reindexedRel = Map[reindexing, RELATIONS, {2}];
h1Matrix = -Map[Take[#, -2 GENUS] &, homologyComputation[reindexedRel]];
h1Class =
Join[Map[monomialExpression, h1Matrix],
Table[ToExpression[ToString[SequenceForm["\[Gamma]", i]]], {i, 2 GENUS}]];
Print["Homology classes of generators = ", h1Class // DisplayForm];
h1Monodromy = Transpose[Take[h1Matrix, 2 GENUS]];
Print["Homological monodromy = ", h1Monodromy // MatrixForm];
alex = Transpose[makeAlexanderMatrix[reindexedRel]];
torsionMatrix = Take[alex, 2 GENUS + Ztotal];
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Print["torsion matrix = ", torsionMatrix // MatrixForm];
Print["det(torsion) = ", Expand[Det[torsionMatrix]]];
magnusMatrix = Simplify[Transpose[
Take[Transpose[-Drop[alex, 2 GENUS + Ztotal].Inverse[
torsionMatrix]], 2 GENUS]]];
Print["Magnus matrix = ", magnusMatrix // MatrixForm]
];
reindexing[num_] :=
Module[{numString, sg},
If[NumberQ[num], num + 2 GENUS*Sign[num],
numString = ToString[num];
sg = If[StringTake[numString, 1] == "-", 1, 0];
If[StringTake[numString, {1 + sg}] == "m",
((-1)ˆsg)*ToExpression[StringDrop[numString, 1 + sg]],
((-1)ˆsg)*(ToExpression[StringDrop[numString, 1 + sg]] + 2 GENUS + Ztotal)]]
];
homologyComputation[rel_] :=
Module[{i, j},
RowReduce[Table[Count[rel[[i]], j] - Count[rel[[i]], -j],
{i, 1, 2 GENUS + Ztotal}, {j, 1, 4 GENUS + Ztotal}]]];
monomialExpression[list_] :=
Module[{i, prod = 1},
For[i = 1, i <= 2 GENUS, i++,
prod = prod*(ToExpression[ToString[SequenceForm["\[Gamma]", i]]]ˆlist[[i]])];
prod];
makeAlexanderMatrix[rel_] :=
Module[{i, j},
Table[foxDer[rel[[i]], j], {i, 1, Length[rel]}, {j, 1, 4 GENUS + Ztotal}]];
foxDer[word_, var_] :=
Module[{entry = 0, i},
For[i = 1, i <= Length[word], i++,
Which[word[[i]] == var,
entry = entry + (makeMonomial[Take[word, i - 1]]ˆ(-1)),
word[[i]] == -var,
entry = entry - (makeMonomial[Take[word, i]]ˆ(-1))]];
entry];
makeMonomial[list_] :=
Module[{prod = 1},
For[i = 1, i <= Length[list], i++,
prod = prod*(h1Class[[Abs[list[[i]]]]]ˆSign[list[[i]]])];
prod];
A computation by this program goes as follows. Let (M, i+, i−) ∈ Cg,1 with an admissi-
ble presentation
〈i−(γ1), . . . , i−(γ2g), z1, . . . , zl, i+(γ1), . . . , i+(γ2g) | r1, . . . , r2g+l〉
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of π1(M). The main function in the program is invariants having three slots as the input.
These slots correspond to the genus g, the number l of z-generators and the list of relations.
For each word in the relations, we make a list by replacing i−(γj)±1, z±1j and i+(γj)±1 by
±mj, ±j and ±pj. By lining up them, we obtain the list of relations.
When we compute the case of the knot 0815 with an admissible presentation of π1(MR)
of the sutured manifold MR as in Section 5, for example, the input is:
invariants[2, 11, {{1, 9, 6}, {1, -2,-4}, {4,-11, 5},
{-10, -5, 6, 7, 8}, {-8, -6, 9, 6}, {-7, -6, 3, 6},
{4, -3, -4, 10}, {m1, 4, -3, -4}, {m2, 4, 11},
{m3, 9}, {m4, -2, -9}, {p1, -2, -3, -4}, {p2, 11, 1},
{p3, 9, -3, 1}, {p4, 9, -2, -9}}]
Then the function returns homology classes of generators in terms of γj := i+(γj) ∈
H1(MR), the homological monodromy matrix σ(MR), the torsion matrix τ+ρ2(MR) and the
Magnus matrix rρ2(MR). These data can be referred as the variables h1Class, h1Monodromy,
torsionMatrix and magnusMatrix.
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